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ABSTRACT 

The design methodology and performance study of various forms of digital compensators for a 
robot arm joint control system with sensor feedback are presented in this article. Continuous time 
(s-plane or w-plane) and Discrete (z-plane) domain parameters are used in the design process. The 
frequency response characteristics design techniques were investigated, and five basic types of 
controllers were modelled and simulated using MATLAB: phase-lag, phase-lead, proportional-
integral (PI), proportional-derivative (PD), and proportional-integral derivative (PID). Many of 
the controllers have been set up to maintain a 40-degree phase margin. Both closed loop phase 
answers, as well as open loop bode plots, have been analyzed. This paper presents a comparison 
of the controllers based step response characteristics. 

Keywords: Digital controllers, PID controllers, Robot arm, Robot arm controllers, Digital 
Controllers Performance. 

1. INTRODUCTION
Controllers are needed to assess adjustments in system parameters and to meet
performance requirements for steady-state precision, transient reaction, reliability, and
disturbance prevention. Analog control systems are stable, with no intrinsic band width
limitations or system changes. Due to the tolerances of practical machines, in analog
controls, intricate logics are difficult to synthesize, while rendering complex interfaces
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among multiple subsystems is very difficult, and are vulnerable to incorrect designs and 
limitations. Furthermore, extraneous noise sources can corrupt analog systems 
significantly. High-tech digital controls since no signal loss occurs in an along to digital 
(A/D) and digital to analog (D/A) conversions [1], systems are reliable. Furthermore, with 
a more sophisticated logic implementation, systems are more flexible and accurate. Filters 
do not encounter external noises, which makes them well-suited for adaptive filtering 
uses. Fast response and a digital memory interface are possible for digital systems [1]. A 
physical planet or system is accurately controlled through closed-loop or feedback 
operation where an output (system response) is adjusted as required by an error signal [2]. 
The discrepancy between the sponge as determined by sensor input and the target 
response generates the error signal. The error quantity is processed by a controller or 
compensator in order to satisfy those output requirements [3]. This paper describes five 
digital controller design methodologies for a robot control system in real-time. In these 
design methods, the compensating parameter is the phase margin specified in the plant 
bode diagram. The design method employs strategies of frequency response that allow 
for frequency cross-over phase margin (Pm). Phase-lag, PI and PID controllers (lag, lead) 
were drawn up in accordance with the principle of compensation and the methodologies 
as defined in [4]. This paper clarified the statistical and conceptual pricing articulated in 
the references. The primary and illustrative frames and approaches to digital control 
systems are mentioned in [6]. Digital control systems have been documented for training, 
theory, simulation and experimental approaches [7],[8]. A closed-loop model has been 
introduced in [1] and [4] for digital systems control and implementations in the Digital 
Drive Controller. Regarding to PID controller we citation the information from [5]. 

2. METHODOLOGY
A sampler, D/A block that is a zero-order hold (ZOH), a servomotor represented by an s-
domain transfer mechanism, digital controller block, a power amplifier gain, gears
represented by a gain value, and a feedback sensor block comprise the example robot
control scheme outlined in this article. A s-domain transfer function presents the
uncompensated plant. A/D conversion is started by the sampler and D/A conversion is
held at zero order. Controllers must offset the margin of the plant phase and the desired
result shall be 40 deg. For each controller, steady-state error, percent overshoot, rise time,
and settling time are calculated for output assessment. This paper section by section
documents a literature review of digital compensation, an example uncompensated robot
arm joint plant, discrete and continuous-time equations with design method, MATLAB
simulation results of lag, lead, PI, PD and PID controls, and a comparative study among
these five. In order to evaluate design requirements, the digital system was adopted,
simulated and extended in MATLAB.

3. LITERATURE REVIEW
The compensation theory, plant configuration and the mathematical derivations of design
approaches, loop parameters and open loop of the controllers mentioned in this paper
fully follow the literature provided in [1]. The controller transfer function for first-order
compensation can be written as
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  𝐷𝐷(𝑧𝑧) = 𝐾𝐾𝑑𝑑(𝑧𝑧−𝑧𝑧0)
𝑧𝑧−𝑧𝑧𝑝𝑝

   

Here, 𝑧𝑧0 and 𝑧𝑧𝑝𝑝 represent the zero and pole positions, respectively. The controller's 
bilinear or trapezoidal transformation from the discrete z-plane to the continuous w-plane 
(warped s-plane) implies 𝐷𝐷(𝑤𝑤) = 𝐷𝐷(𝑧𝑧), 𝑧𝑧 = 1+(𝑇𝑇/2)𝑤𝑤

1−(𝑇𝑇/2)𝑤𝑤 and D(w) = a0
1+(w/ωw0)
1+(w/ωwp)

, Here

𝜔𝜔𝜔𝜔0 and 𝜔𝜔𝜔𝜔𝜔𝜔 denotes the zero and pole positions in the w-plane, and a0 denotes the 
compensator dc gain. The bilinear approximation states that: 

 𝑤𝑤 = 2
𝑇𝑇
𝑧𝑧−1
𝑧𝑧+1  (2) 

From the equations (1)-(4), in the z-plane the controller can be realized as 

  𝐷𝐷(𝑧𝑧) = 𝑎𝑎0
𝜔𝜔𝑤𝑤𝑤𝑤(𝜔𝜔𝑤𝑤0+2/𝑇𝑇)
𝜔𝜔𝑤𝑤0(𝜔𝜔𝑤𝑤𝑤𝑤+2/𝑇𝑇)

𝑧𝑧−(2/𝑇𝑇−𝜔𝜔𝑤𝑤0
2/𝑇𝑇+𝜔𝜔𝑤𝑤0

)

𝑧𝑧−(2/𝑇𝑇−𝜔𝜔𝑤𝑤𝑤𝑤
2/𝑇𝑇+𝜔𝜔𝑤𝑤𝑤𝑤

)


The equation (1) yields to 

  𝐾𝐾𝑑𝑑 = 𝑎𝑎0
𝜔𝜔𝑤𝑤𝑤𝑤(𝜔𝜔𝑤𝑤0+2/𝑇𝑇)
𝜔𝜔𝑤𝑤0(𝜔𝜔𝑤𝑤𝑤𝑤+2/𝑇𝑇)   

𝑧𝑧0 = 2/𝑇𝑇−𝜔𝜔𝑤𝑤0
2/𝑇𝑇+𝜔𝜔𝑤𝑤0

 

   𝑧𝑧𝑝𝑝 = 2/𝑇𝑇−𝜔𝜔𝑤𝑤𝑤𝑤
2/𝑇𝑇+𝜔𝜔𝑤𝑤𝑤𝑤

 

 
4. BLOCK DIAGRAM EXPLANATION
A closed-loop model for digital control systems and applications of digital controllers to
speed drives has been shown in the above diagram. Thus, consists of a sampler, digital
controller block, D/A block which is a zero-order hold (ZOH), a power amplifier gain, a
servomotor represented by a s-domain transfer function, gears represented by a gain value
and a feedback sensor block. In the case of a closed-loop feedback system, the D(z) digital
controller system is implemented. The controller uses algebraic algorithms such as filters
and compensatory controls to correct or regulate the controlled system's behavior. The
zero-order hold is a practical mathematical model of signal reconstruction using a digital-
to-analog converter (ZOH). This can be illustrated by you take a and convert it to a
continuous-time signal, at a set time, it stores each sample value and does not allow
changes. The amplitude or power of a signal input to output port can be increased by
connecting it to an amplifier whose gain is set to a particular level [9].
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In order for a servomotor to transform the control signal from the controller into the 
rotational angular displacement or angular velocity of the motor output shaft, implies it 
has a servomotor. To power the arms of the robot, Servo motors are used. Gears are used 
to transfer motion. By finding the torque and speed of the output gear, you can find the 
torque and speed of the input gear. The uncompensated plant is presented by a s-domain 
transfer function. The sampler initiates A/D conversion and zero-order hold implements 
D/A conversion. For performance evaluation, steady-state error, percent overshoot, rise 
time and settling time are measured for each controller. Here the given sensor feedback 
gain, GT= 0.07. The sensor input is θ𝑎𝑎 In degrees and the output is in volts. 
 
 
5. PLANT 
The control system of the robot arm has been shown in Fig. 1. This system has shown the 
sampling time, 𝑇𝑇 =  0.1𝑠𝑠, the power amplifier increase, K = 2.4 and the sensor feedback 
gain, 𝐻𝐻𝑘𝑘= 0.07. The system phase margin with, 𝐷𝐷(𝑧𝑧) = 1. The ZOH-TF can be defined as  
 
            𝐺𝐺𝐻𝐻𝐻𝐻(𝑠𝑠) = 1−𝑒𝑒−𝑠𝑠𝑠𝑠

𝑠𝑠                                  (7) 

The plant TF in continuous time 
 
           𝐺𝐺𝑝𝑝(𝑠𝑠) = 9.6

𝑠𝑠2+2𝑠𝑠   (8) 

The sensor gain feedback TF is used in a continuous-time plant 
 
                     𝐺𝐺𝑐𝑐(𝑠𝑠) = 𝐺𝐺𝑝𝑝(𝑠𝑠) × 𝐻𝐻𝑘𝑘 = 0.672

𝑠𝑠2+2𝑠𝑠                   (9) 

Where the TF is transfer function. 
 
The sensor gain feedback TF that operates in discrete time is known as a discrete-time 
plant 
 
                      𝐺𝐺𝑑𝑑

0.00028289  (𝑠𝑠+3.39𝑒𝑒04)
(𝑠𝑠+1.524) (𝑠𝑠+0.4406)                         (10) 

 

Figure 1. Robot arm joint control system block diagram    
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Fig. 2. Introduces 𝐷𝐷(𝑧𝑧)  =  1 system bode diagram, 𝑃𝑃𝑃𝑃, for the uncompensated system 
is 79.6 𝑑𝑑𝑑𝑑𝑑𝑑 with a gain margin 𝐺𝐺𝐺𝐺 =  35.8 𝑑𝑑𝑑𝑑. 

5.1 DESIGN OF PHASE LAG CONTROLLER 
Design a phase-lag controller with a dc gain of 10 that yields a system phase margin  

𝐺𝐺ℎ𝑓𝑓(𝑑𝑑𝑑𝑑) = 20log 𝑎𝑎0𝜔𝜔𝑤𝑤𝑤𝑤𝜔𝜔𝑤𝑤0
 (11) 

The controller in this paper is built for 39.7842 degrees. For this design, the Pm and the 
cross-over or Pm frequency have been chosen as 𝜔𝜔𝑤𝑤𝑤𝑤 = 1.1291rads−1. 

  𝜔𝜔𝑤𝑤0 = 0.1𝜔𝜔𝑤𝑤𝑤𝑤   (12) 

and 
  𝜔𝜔𝑤𝑤𝑤𝑤 = 𝜔𝜔𝑤𝑤0

𝑎𝑎0|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|  (13) 

The TF of the controller is 
𝐷𝐷𝑙𝑙𝑙𝑙𝑙𝑙(𝑧𝑧) =  0.01167 (𝑧𝑧−0.7105)

(𝑧𝑧−0.9919)  (14) 

Figure 5 shows the phase-lag controller. The compensated plant Pm, 𝑃𝑃𝑃𝑃 =
 39.7842 𝑑𝑑𝑑𝑑𝑑𝑑 at 0.0925 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠, can be seen on the bode plot. 𝐺𝐺𝐺𝐺 =
 29.6 𝑑𝑑𝑑𝑑 at 0.575 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠. The gain and phase margin values are unknown in the 
marginalized bode plot of the controller, and hence these are determined to be infinite. 
The gain and phase margin values are unknown in the Bode plot of the controller, and 
hence these are found to be infinite where the Pm is the phase margin. 

5.2 DESIGN OF PHASE LEAD CONTROLLER 
The phase-lead controller, a0 = 10 and maximum phase shift, 𝜃𝜃𝑚𝑚 occurs at a frequency 
𝜔𝜔𝑤𝑤𝑤𝑤 = √𝜔𝜔𝑤𝑤0𝜔𝜔𝑤𝑤𝑤𝑤 . The controller in  this paper is equipped for 39.8827 degrees for this 
design, the Pm and cross over or Pm frequency have been chosen as 2.2950 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠. a 
phase-lead design controller with a dc gain of 10 that yields a system phase margin 40 
deg. 

        𝐷𝐷(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤) = 1∠(180 + 𝜙𝜙𝑝𝑝𝑝𝑝)        (15) 

Here 𝜙𝜙𝑝𝑝𝑝𝑝 pm is the desired Pm and 

  𝐷𝐷(𝑤𝑤) = 𝑎𝑎0
1+𝑤𝑤/(𝑎𝑎0/𝑎𝑎1)
1+𝑤𝑤/(𝑏𝑏1)−1  (16) 

Where 𝜔𝜔𝑤𝑤0 = a0/𝑎𝑎1 and 𝜔𝜔𝑤𝑤𝑤𝑤 = 1/𝑏𝑏1. The angle can be described as. 

𝜃𝜃𝑟𝑟 = ∠𝐷𝐷(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤) = 180 + 𝜙𝜙𝑝𝑝𝑝𝑝 − ∠𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤) (17)
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The controller design requires 

    |𝐷𝐷(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)| = 1
|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|      (18) 

from the equation (16)-(18), it can be evaluated that 

𝑎𝑎1 = 1−𝑎𝑎0|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|cos 𝜃𝜃𝑟𝑟
𝜔𝜔𝑤𝑤𝑤𝑤|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|sin 𝜃𝜃𝑟𝑟

 (19) 

and 
𝑏𝑏1 = cos 𝜃𝜃𝑟𝑟−𝑎𝑎0|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|

𝜔𝜔𝑤𝑤𝑤𝑤sin 𝜃𝜃𝑟𝑟
 (20) 

Because of the phase lead characteristic, 𝜃𝜃𝑟𝑟 > 0 and in the design procedure 𝜔𝜔𝑤𝑤𝑤𝑤  has been 
constrained by the following requirements 

∠𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤) < 180 + 𝜙𝜙𝑝𝑝𝑝𝑝; |𝐷𝐷(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)| > 𝑎𝑎0
|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)| < 1

𝑎𝑎0
; 𝑏𝑏1 > 0

cos 𝜃𝜃𝑐𝑐 > 𝑎𝑎0|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|
     (21) 

The transfer function of the controller is 

   𝐷𝐷(𝑧𝑧) =  10.424∗(𝑧𝑧−0.9832)
(𝑧𝑧−0.9618)        (22) 

From the bode plot, it can be observed that the compensated plant Pm, 𝑃𝑃𝑚𝑚 =
39.8827 deg. At 2.29 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠 and the gain margin, 𝐺𝐺𝑚𝑚 = 16.2 𝑑𝑑𝑑𝑑 at 6.57 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠. From 
the bode plot of controller figure, in fact, it is evident that the gain and Pm values are 
undefined and thereby these are found to be infinite. 

5.3 DESIGN OF PI CONTROLLER 
PI controller means Proportional Integral controller it is composite of proportional and 
integral controller. They are in cascade with each other, as we see in fig. 

The TF of the controller can be expressed as 

  𝐷𝐷(𝑤𝑤) = 𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐼𝐼
𝑤𝑤 = 𝐾𝐾𝐼𝐼
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𝑤𝑤    (23) 

Figure 2. THE DESIGN OF PI CONTROLLER
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The controller design requires

|𝐷𝐷(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)| = 1
|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)| (18)

from the equation (16)-(18), it can be evaluated that 

𝑎𝑎1 = 1−𝑎𝑎0|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|cos 𝜃𝜃𝑟𝑟
𝜔𝜔𝑤𝑤𝑤𝑤|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|sin 𝜃𝜃𝑟𝑟

(19)

and
𝑏𝑏1 = cos 𝜃𝜃𝑟𝑟−𝑎𝑎0|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|

𝜔𝜔𝑤𝑤𝑤𝑤sin 𝜃𝜃𝑟𝑟
(20)

Because of the phase lead characteristic, 𝜃𝜃𝑟𝑟 > 0 and in the design procedure 𝜔𝜔𝑤𝑤𝑤𝑤 has been
constrained by the following requirements

∠𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤) < 180 + 𝜙𝜙𝑝𝑝𝑝𝑝; |𝐷𝐷(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)| > 𝑎𝑎0
|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)| < 1

𝑎𝑎0
; 𝑏𝑏1 > 0

cos 𝜃𝜃𝑐𝑐 > 𝑎𝑎0|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|
(21)

The transfer function of the controller is

𝐷𝐷(𝑧𝑧) = 10.424∗(𝑧𝑧−0.9832)
(𝑧𝑧−0.9618) (22)

From the bode plot, it can be observed that the compensated plant Pm, 𝑃𝑃𝑚𝑚 =
39.8827 deg. At 2.29 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠 and the gain margin, 𝐺𝐺𝑚𝑚 = 16.2 𝑑𝑑𝑑𝑑 at 6.57 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠. From
the bode plot of controller figure, in fact, it is evident that the gain and Pm values are
undefined and thereby these are found to be infinite.

5.3 DESIGN OF PI CONTROLLER
PI controller means Proportional Integral controller it is composite of proportional and
integral controller. They are in cascade with each other, as we see in fig.

The TF of the controller can be expressed as 

𝐷𝐷(𝑤𝑤) = 𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐼𝐼
𝑤𝑤 = 𝐾𝐾𝐼𝐼

1+𝑤𝑤/𝜔𝜔𝑤𝑤0
𝑤𝑤 (23)

Figure 2. THE DESIGN OF PI CONTROLLER

 

Where 𝜔𝜔𝑤𝑤0 = 𝐾𝐾𝐼𝐼/𝐾𝐾𝑃𝑃. However, the discrete TF of a PI controller can be expressed as 

𝐷𝐷(𝑧𝑧) = 𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐼𝐼
𝑇𝑇
2
𝑧𝑧+1
𝑧𝑧−1                                   (24)

PI controller design that yields a system phase margin with 40 deg 

 𝐷𝐷(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤) = 1∠(−180 + 𝜙𝜙𝑝𝑝𝑝𝑝)                                       (25) 

Let A = ∣ 𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤 ∣, The 𝐾𝐾𝐾𝐾 proportional gain and 𝐾𝐾𝐼𝐼 integral gain can be expressed as 

𝐾𝐾𝐾𝐾 = cos 𝜃𝜃𝑟𝑟
∣ 𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝜔𝜔𝑐𝑐 ∣

𝐾𝐾𝐼𝐼 = 𝜔𝜔𝑤𝑤𝑤𝑤sin 𝜃𝜃𝑟𝑟
|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝜔𝜔𝜔𝜔) ∣

The TF of the controller is 

  𝐷𝐷(𝑧𝑧) =  1.4575 (𝑧𝑧−0.9648)
(𝑧𝑧−1)   (26)

From the bode plot, this is worth noting as that the compensated plant Pm, 𝑃𝑃𝑚𝑚 =
40.0182 deg. At 0.553 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠 and the gain margin, 𝐺𝐺𝑚𝑚 = 30.9 𝑑𝑑𝑑𝑑 at 5.61 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠. From 
the bode plot of controller figure, it can be observed that the gain and Pm values are 
undefined and thereby these are found to be infinite. 

5.4 DESIGN OF PD CONTROLLER 
PD controller means proportional derivative Controller so it has both, the proportional 
controller and derivative controller in cascade, so we have to add both, as we see in fig. 

Let 𝑤𝑤1the Gain crossover frequency of the system with cascade PD controller, 
𝐴𝐴1the |𝐺𝐺1(𝑗𝑗𝑗𝑗)| at 𝜔𝜔1. The PI controller transfer function is  

𝐷𝐷(𝜔𝜔) = 𝑘𝑘𝑝𝑝 + 𝑘𝑘𝐷𝐷𝑤𝑤  (27) 

Figure 3. THE DESIGN OF PD CONTROLLER 



92

Digital Controllers Performance Analysis for a Robot Arm

 

Moreover, we can change the transfer function from w-plane to 𝑧𝑧 -transform using the 
bilinear transformation. In Bilinear transformation, 𝜔𝜔 is replaced by 2𝑇𝑇 (

𝑧𝑧−1
𝑧𝑧+1), where 𝑇𝑇 = 

sampling time.  

the discrete TF of a PI controller is 

𝐷𝐷(𝑧𝑧) = 𝑘𝑘𝑘𝑘 + 𝑘𝑘𝐷𝐷𝑇𝑇
2 (𝑧𝑧−1𝑧𝑧+1)              (28) 

controller design that yields a system phase margin with 40 deg 

−𝑘𝑘𝑑𝑑𝑤𝑤12 + 𝑘𝑘𝑖𝑖 + 𝑗𝑗𝑗𝑗𝑗𝑗𝑤𝑤1 = 𝜔𝜔1
𝐴𝐴1

sin 𝜃𝜃 + 𝑗𝑗 𝜔𝜔1
𝐴𝐴1

cos 𝜃𝜃       (29) 

The derivative gain and proportional gain can be expressed as 

𝑘𝑘𝑑𝑑 = sin𝜃𝜃
𝜔𝜔,𝐴𝐴1

∴ 𝑘𝑘d = sin𝜃𝜃
𝜔𝜔1|𝐺𝐺(𝑗𝑗𝜔𝜔1)|         (30) 

𝑘𝑘𝑝𝑝 = cos𝜃𝜃
𝐴𝐴1

∴ 𝑘𝑘𝑝𝑝 = cos𝜃𝜃
|𝐺𝐺(𝑗𝑗𝜔𝜔1)|             (31) 

5.5 DESIGN OF PID CONTROLLER 
PID controller proportional Integral Derivative controller Consists of proportional, 
integral, and Derivative controller all connected in the cascade form, as we see in fig.  

   𝐷𝐷(𝑤𝑤) = 𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐼𝐼
𝑤𝑤 + 𝐾𝐾𝐷𝐷𝑤𝑤  (32) 

Moreover, we can change the transfer function from w-plane to 𝑧𝑧 – transform by using 
the bilinear transformation. In Bilinear transformation 𝜔𝜔 is replaced by 2𝑇𝑇 (

𝑧𝑧−1
𝑧𝑧+1), where 

𝑇𝑇 = sampling time. 

Figure 4. THE DESIGN OF PID CONTROLLER 
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𝑇𝑇 (
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sampling time.

the discrete TF of a PI controller is

𝐷𝐷(𝑧𝑧) = 𝑘𝑘𝑘𝑘 + 𝑘𝑘𝐷𝐷𝑇𝑇
2 (𝑧𝑧−1𝑧𝑧+1) (28)
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The derivative gain and proportional gain can be expressed as

𝑘𝑘𝑑𝑑 = sin𝜃𝜃
𝜔𝜔,𝐴𝐴1
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𝑘𝑘𝑝𝑝 = cos𝜃𝜃
𝐴𝐴1

∴ 𝑘𝑘𝑝𝑝 = cos𝜃𝜃
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5.5 DESIGN OF PID CONTROLLER
PID controller proportional Integral Derivative controller Consists of proportional,
integral, and Derivative controller all connected in the cascade form, as we see in fig.

𝐷𝐷(𝑤𝑤) = 𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐼𝐼
𝑤𝑤 + 𝐾𝐾𝐷𝐷𝑤𝑤 (32)

Moreover, we can change the transfer function from w-plane to 𝑧𝑧 – transform by using
the bilinear transformation. In Bilinear transformation 𝜔𝜔 is replaced by 2

𝑇𝑇 (
𝑧𝑧−1
𝑧𝑧+1), where

𝑇𝑇 = sampling time.

Figure 4. THE DESIGN OF PID CONTROLLER

 

The PID controller's discrete TF can be expressed as 

𝐷𝐷(𝑧𝑧) = 𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐼𝐼
𝑇𝑇
2
𝑧𝑧+1
𝑧𝑧−1 + 𝐾𝐾𝐷𝐷

𝑧𝑧−1
𝑇𝑇𝑇𝑇   (33) 

controller design that yields a system phase margin with 40 deg 

[𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐷𝐷𝜔𝜔𝑤𝑤𝑤𝑤
2 (2/𝑇𝑇)

(2/𝑇𝑇)2 + 𝜔𝜔𝑤𝑤𝑤𝑤2
] + 𝑗𝑗 [𝐾𝐾𝐷𝐷𝜔𝜔𝑤𝑤𝑤𝑤(2/𝑇𝑇)2

(2/𝑇𝑇)2 + 𝜔𝜔𝑤𝑤𝑤𝑤2
− 𝐾𝐾𝐼𝐼
𝜔𝜔𝑤𝑤𝑤𝑤

] = 𝐾𝐾𝑅𝑅 + 𝑗𝑗𝐾𝐾𝐶𝐶  

The 𝐾𝐾𝑃𝑃  proportional gain, 𝐾𝐾𝐷𝐷 derivative gain and 𝐾𝐾𝐼𝐼  integral gain can be expressed as the 
controller transfer function, which can be expressed as 

    ∴ 𝐾𝐾𝑃𝑃 + 𝐾𝐾𝐷𝐷𝜔𝜔𝑤𝑤𝑤𝑤2 (2/𝑇𝑇)
(2/𝑇𝑇)2+𝜔𝜔𝑤𝑤𝑤𝑤2

= cos𝜃𝜃𝑟𝑟
|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|       (34) 

∴ 𝐾𝐾𝐷𝐷𝜔𝜔𝑤𝑤𝑤𝑤(2/𝑇𝑇)2

(2/𝑇𝑇)2+𝜔𝜔𝑤𝑤𝑤𝑤2
− 𝐾𝐾𝐼𝐼

𝜔𝜔𝑤𝑤𝑤𝑤
= sin𝜃𝜃𝑟𝑟

|𝐺𝐺𝑑𝑑(𝑗𝑗𝜔𝜔𝑤𝑤𝑤𝑤)|  (35) 

The gain margin is = 20 𝑑𝑑𝑑𝑑 at 6.99 rad/s, and the Pm is = 38.1 degrees by the PID 
controller at 1.85 rad/s. The gain and phase margin values are unknown in the 
marginalized bode plot of the controller, and hence these are determined to be infinite. 



94

Digital Controllers Performance Analysis for a Robot Arm

 

5.6 CONTROLLERS' BODE PLOT 
The curves and the table below are for all the controllers discussed in the previous 
sections. 

 

 

Characteristics Pm with D(z) 
= 1 

Lag Lead PI PD PID 

Gain Margin 61.5755 
1.7929e+04 

12.8749 
6.7538e+0 

6.49351.7
014e+03 

09.97021.
8455e+03 

Inf 0 9.9702 
1.8455e+03 

GM 
Frequency 

6.2240 
31.4159 

4.6917 
31.4159 

6.5659 
31.4159 

0 6.9890 
31.4159 

Inf 0 6.9890 
31.4159 

Phase Margin 79.6399 39.7842 39.8827 38.1362 40.0 38.1362 
PM 

Frequency 
0.3315 1.1291 2.2950 1.8486 4.003

5 
1.8486 

Delay Margin 41.9333 6.1499 3.0331 3.6006 1.743
8 

3.6006 

DM 
Frequency 

0.3315 1.1291 2.2950 1.8486 4.003
5 

1.8486 

Stable 1 1 1 1 1 1 

Figure 5. Controllers' Bode plot of the open loop 

Table 1. Controllers' Bode plot characteristics  
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5.6 CONTROLLERS' BODE PLOT
The curves and the table below are for all the controllers discussed in the previous
sections.
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Table 1. Controllers' Bode plot characteristics

 

6. STEP RESPONSE CHARACTERISTICS
Design problem explained in this paper has assumed an input of θ_c = 0:07u(t). The
controller scaled step response of the closed-loop system for the design is presented in
Figure 6. For the step response overshoot, ├ ξ↓⇒M_p%(%OS))↑. From figure 6 and table
2, the PID controller is the best because it has less steady state error than other controllers.
For PID  steady-state error ∝1/k_p , OS ∝1/k_d ,   Rise Time ∝1/k_p , ∝1/k_i ,  Settling
Time ∝1/k_d  . Kp,Kd, and Ki can be described as the proportional, derivative, and
integral parameters. The closed-loop controls system is affected by all three of these
parameters. In addition to those factors, the slow rising, slow settling, and long.
Overshoot, as well as the steady state error, are also affected. A lag compensator shifts
the Bode magnitude plot down at mid and high frequencies with its attenuation property.
Highlights for specification on steady-state error, the low frequency gain is changed. The
proportional-integral controller is equivalent to a control system that produces an output,
this calls attention to which is the result of adding outputs from the proportional and
integral controllers. PID is used in systems where proportional, integral, and derivative
controllers are used to compute an output. Implies It's also there to reduce steady state
error and improve stability. Reveals that when used in conjunction with a proportional
and a derivative controller, the proportional derivative controller generates an output,
which is the product of the proportional and derivative controllers. If PD is being used,
noise may be suppressed in the higher frequencies.

Figure 6. Controllers' step response of the closed loop 
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7. CONCLUSION

This paper examines the performance and design assessment of five simple digital 
controllers, including lag, lead, PI, PD, and PID controllers, which are used for a physical 
robot arm joint plant. C-O frequency is a crucial design specification to compensate the 
plant. Implies design a system controller with a dc gain of 10 that yields a system phase. 
The design methodologies have been investigated in both discrete z-domain time 
approaches and warped s-domain or w-plane time frames. The controllers have been 
simulated on MATLAB and bode plots with open loop and closed loop step response 
curves have been analyzed for comparative margin Pm 40 deg. Premises. The suggests 
tells us such design is crucial as its specifications are applicable in different practical 
control systems. 
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Characteristics Pm with 
D(z) = 1 

Lag  Lead  PI  PD  PID  

Rise Time: 5.3278 1.0700 0.5359 1.8526 0.2940 0.6182 

Settling Time 9.6546 8.1969 5.9127 16.0705 2.5379 5.9852 

Settling Min 0.9020 0.9004 0.8641 0.9053 0.9068 0.9321 

Settling Max 0.9986 1.2919 1.2543 1.3949 1.3064 1.3560 

Overshoot 0 29.1881 25.4273 39.4865 30.6421 35.6044 

Undershoot 0 0 0 0 0 0 

Peak 0.9986 1.2919 1.2543 1.3949 1.3064 1.3560 

Peak Time 15.6573 2.5692 1.2423 5.1509 0.6846 1.5198 

Table 2. Controllers' step response characteristics 
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